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Abstract. The aim of the work is to reveal a methodology for constructing a finite element 
model by tomography data. To evaluate the model, calculations of the femur were carried 
out. The relevance of this study is confirmed by the effect of the distribution of the 
mechanical properties of the bone on stress-strain state and the need for individualizing 
the approach to modeling. Numerical studies were performed using the finite element 
method in the Ansys software, computer tomography data processing was carried out in 
the Avizo software. The problem of a linear inhomogeneous elastic body was considered. 
Power functions of the optical density were used to determine the Young's modulus and 
the limiting voltage, in turn, the optical density was determined from linear relations 
depending on the Hounsfield numbers. For finite element model, the mechanical 
properties of the material were distributed for each element according to the tomography 
data. After solving the problem of the stress-strain state, at each node a factor of safety 
was determined adjusted for the properties of the material from the tomography data. 
Inhomogeneous and homogeneous models with average properties were built. 
Calculations for both models were performed. Numerical results clearly illustrate 
significant differences in the results of the stress-strain state of the inhomogeneous and 
homogeneous models of the organ. Inhomogeneous model allows us to evaluate the 
local strength of bone tissue taking into account individual characteristics. 

Key words: mathematical modeling, inhomogeneous media, computed tomography. 
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INTRODUCTION 

Bone tissue has inhomogeneous mechanical properties, because of its adaptive properties [3, 

8, 32, 35, 36]. Decreased physical activity [11, 31], physiological [12, 13] or age-related 

features can lead to local loss of bone strength. In clinical practice, this can lead to a 

discrepancy between the actual behavior of the organ and the expected (simulated) results of 

surgical intervention. In orthopedics and traumatology, many studies are aimed at improving 

the methods of surgical intervention [22, 25, 26], optimizing the use of rod devices [2, 4, 6-

10], but in practice, due to the complexity of predicting the behavior of bone tissue material 

[19, 27-29], many decisions about the tactics of the operation have to be made by the surgeon 

on the spot. Take into account the above-mentioned facts, it can be conclude that it is 

important to evaluate the mechanical properties of an organ, not in an integral sense, but in a 

distributed sense. Modern approaches to numerical modelling allow us to solve problems for 

complex areas [5, 14, 16, 17, 20, 23, 34], together with the development of computer 

tomography, and this allows to adjudicate the internal structure of the organ, the task of 

individualization in modelling organs from bone tissue can provide useful information in the 

preoperative period. 

The aim of the study is to construct a finite element model that allows us to take into 

account the distribution of mechanical properties (Young's modulus and ultimate strength) 

from computed tomography data and the determination of the stress-strain behavior for the 

constructed model. 

MATERIALS AND METHODS 

Formulation of a problem 

Assumptions: Authors assume that the material is isotropic and inhomogeneous. 

Moreover, from the assumption of a connection between physical density and mechanical 

characteristics, we will use the optical density to calculate the Young's modulus and the 

ultimate stresses. 

 

Mathematical model 

The calculation area includes some inhomogeneous body. Authors denote it by V, and 

for V the boundary of this set (free surface). The mechanical behavior of a system occupying 

a region V in R
3
 with a boundary V in the framework of the linear theory of elasticity is 

described by the following system of equations: 
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where V= VV,   is stress tensor;   is tensor of elastic deformation; u


 is displacement 

vector; E
  is tensor of elastic properties, φ( )x


 is some function that determines the 

inhomogeneity of the medium. 

Moreover, suppose that the ultimate stresses also depend on the spatial coordinate: 
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Then, to estimate the stress-strain body, we introduce the factor of safety defined by 

the formula: 
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where σ ( )VM x


 is von Mises stress at a given point. In this case, the key role will be played by 

the zones where the factor of safety (5) above unity. 

To build models of organs from bone tissue, it is proposed to use computer 

tomography data, in which case the computer tomography value ( )CT x


 can be compared for 

each point x V 


. For the convenience of using such data, it is customary to normalize them 

(Hounsfield scale): 
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where wCT , aCT  are the linear attenuation coefficients for water and air, respectively. 

It is known from a wide range of studies [1, 3, 15, 18, 24, 30] that there is a relation 

between the Hounsfield units and the optical density, elastic constants, and ultimate stress. In 

general form, these dependences can be written in the following form [18, 24, 30]: 

 

 ρ #CTa b    , (7) 

 ρ Eb

EE a , (8) 
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σ[σ] ρ
b

a , (9) 

 

here the coefficients a and b with the corresponding indices are determined from the 

experiment and can vary depending on the type of bone tissue or organ. 

 

Numerical solution of the problem 

 The numerical realization was carried out on the basis of the finite element method. 

The basic idea is to build up the relationship between the finite element mesh and computer 

tomography data. To do this, it is necessary on a discretized set, which is a set of node data 

(their coordinates) and elements (node numbers forming an element), to determine the 

attenuation coefficients at the nodes. 

 

 ( ),iNd Nd x


 , 1,D nodex V i N   


, (10) 

 ( , , , ), 1,p i j k l elemEl El N N N N p N  , (11) 

 

где DV   is the finite element volume V   discretization, , ( )iNd Nd x


 are node number and 

its coordinates, ,pEl El  are element number and the node numbers forming it, ,node elemN N  

are number of nodes and elements, respectively. 

Further, averaging of the mechanical characteristics for each element is performed, 

this averaging allows us, in an elastic formulation, to use classical finite elements. To  
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determine the factor of safety (5), an array of ultimate stress is created, which in dimension 

coincides with the number of nodes in the mesh. For the processing of tomography data, the 

software product Avizo was used, for finite element modelling Ansys software was used. 

In finite element modelling of the stress-strain state of the organ, four nodal finite 

element with a linear approximation (solid186) was used. In the element average value of 

computer tomography data was used. The arithmetic mean was used, which imposes 

conditions on the shape of the finite element (uniformity of three linear dimensions of the 

element). 

Expressions (7)-(9) can be expressed directly in terms of the Hounsfield scale: 

 

 # ,Eb

EE a CT 


   (12) 

 [ ] # .
b

a CT 

  


  (13) 

 

The used values of the coefficients in the expressions (12)-(13) are given in Table 1. 

[18, 21, 24, 30]. 
Table 1 

Parameters values 
 

Coefficient a  b  
Young's modulus E 46·10

3
 2 

Ultimate stress σ  60 1.82 

 

For the finite element model, the relationships for determining the factor of safety (5) 

can be rewritten as: 
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 (14) 

 

The analysis of stress-strain behavior of the organ will be based on the data of the 

factor of safety (14). 

 

Model problem 

For calculations, the computer tomographydata of femur was used (see Fig. 1, a). The 

following problems were studied: 1) uniaxial compression, 2) bending, and 3) mutual bending 

with compression. Forces shown in Table 2. To assess the significance of the proposed 

approach, two models were considered: the first inhomogeneous - the stress-strain behavior is 

determined by the described method, the second homogeneous - the stress-strain behavior 

problem is solved for some averaging of the mechanical properties throughout the volume:  

E = 32 GPа, σ = 48 МPа. 

 
Table 2 

Forces values 

Calculated case F1, N F2, N 

1 20 0 

2 0 200 

3 20 200 

 

 



O.A. Sachenkov, O.V. Gerasimov, E.V. Koroleva, D.A. Mukhin, V.V. Yaikova, I.F. Akhtyamov, 

 F.V. Shakirova, D.A. Korobeynikova, H.Ch. Khan 

ISSN 1812-5123. Russian Journal of Biomechanics. 2018. V. 22, № 3: 290–302 294 

A femoral sample was scanned on a Vatech PaX-I 3D computer tomograph. The data 

were processed in the Avizo software package. The threshold of the exterior was determined 

by the Otsu method, the processing technique is described in more detail in [33]. Further, for 

a set of points related to the organ, a surface mesh was constructed and then a volume mesh 

was built. To satisfy the uniformity of the dimensions of the elements, a fairly fine mesh was 

constructed (about 14·10
4
 nodes and 7·10

5
 elements). 

Data of the mesh and the computer tomography data in the nodes were exported to a 

file and then the file was loaded into the Ansys software. In Ansys a distribution of averaged 

(by element) mechanical characteristics was carried out, kinematic and static boundary 

conditions were applied, a solution and a calculation of the factor of safety (14) were made. In 

the calculations, the diaphyseal portion of the femur was examined (see Fig. 1, b). Fig. 1, c 

shows the scheme of the boundary conditions: the loading force was applied to the cross 

section AD, all displacement of the nodes were fixed on the cross-section BC, the forces are 

given in Table 2. Further, in the Ansys software complex, the stress-strain behavior problem 

was solved and the reserve factors were calculated by the formula (12). 

 

 
 

а 

 

 
 

b 

 

 
c 

 

Fig. 1. The sample: a is tomography of the femur, b is diaphyseal 

 portion of the femur, c is the calculation scheme 

A 

D F 

F 

B 

C 
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RESULTS AND DISCUSSION 

The finite element mesh was loaded into the Ansys software. In each element, the 

parameter was assigned that determines the value of Young's modulus and the ultimate stress 

according to (12), (13) (in Fig. 2 a grid with a color diagram indicating the distribution of the 

Young's modulus and the ultimate stress by volume is given). In Fig. 2, it can be seen that the 

cortical layer has the greatest stiffness and ultimate stress (red areas in the figure). It is worth 

commenting on the blue inclusions on the inner surface of the bone, which correspond to the 

small Young's modulus and the ultimate stress, this is due to the presence of pores. While 

scanning, we got weakened the integral value of the attenuation coefficient in a small region 

near pore. 

After the solution, the stress distribution fields for the Mises and the safety factor 

calculated using the relation (14) were analyzed. Along with the inhomogeneous problem, the 

related homogeneous problem (having the same geometry, the same boundary conditions, but 

with volume averaged mechanical characteristics) was considered. 

 

 

 
σ 16 20 24 28 33 38 43 48 54 60 МПа 

E 0,80 2 4 7 10 14 19 24 30 36 ГПа 
 

Fig. 2. Distribution of mechanical parameters the finite element model:  

the Young's modulus and ultimate stresses 
 

Calculated case 1 

For the case of sample compression, the localization of the maximum Mises stresses 

for a inhomogeneous sample occurred in the middle of the bone cortical lager at a distance of 

approximately one-third the length of the specimen from the termination (see Fig. 3, a). For a 

homogeneous sample, the localization of the maximum stresses by the Mises occurred on the 

outer surface of the cortical and moved insignificantly in the longitudinal direction to the 

loaded end (see Fig. 4, a). The numerical values of the maximum stresses in both cases 

differed not significantly: 36 and 37 MPa for the inhomogeneous and homogeneous sample, 

respectively. The margins of the factors of safety differed significantly. 

In the case of a inhomogeneous sample, the factor of safety exceeded unity on the 

external and internal surfaces of the bone, in the region of localization of the maximum Mises 

stresses, while this region is extended: almost half of the sample (see Figs. 3, b, c), the largest 

value of the safety factor in this case was 1.38. For a homogeneous sample, the maximum 

value of the safety factor was reached in the same region where the maximum Mises stresses 

were located, the largest value of the safety factor in this case was 0.89 (see Figs. 4, b, c). 

That is, according to the inhomogeneous model, the sample will undergo destruction while, 

according to a homogeneous formulation of the critical values, the stresses are not attained. 

The difference in the safety factor was 55%. 
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а 

 

  

b c 

Fig. 3. Results for the calculated case 1 of a inhomogeneous sample: a is distribution  

of Mises stresses, MPa; b, c is distribution of the factor of safety 

 

 

 

а 

 

 

 

b c 

Fig. 4. Results for the calculated case 1 of a homogeneous sample: a is distribution  

of Mises stresses, MPa; b, c is distribution of the factor of safety 
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Calculated case 2 

For the case of sample bending, the localization of the maximum Mises stresses for a 

inhomogeneous sample occurred in the middle of the cortical bone at a small distance from 

the kinematic boundary condition (see Fig. 5, a). For a homogeneous sample, the localization 

of the maximum Mises stresses occurred on the outer surface of the cortical and 

approximately at the same distance from the kinematic boundary condition in the 

inhomogeneous case (see Fig. 6, a). Numerical values of maximum stresses in both cases 

differed not significantly: 24 and 23 MPa for a inhomogeneous and homogeneous sample, 

respectively. The differences in the distribution patterns of the factor of safety are similar to 

the first calculated case. In the case of a inhomogeneous sample, the factor of safety was close 

to the critical value (unity) on the outer and inner surfaces of the bone, in the region of 

localization of the maximum Mises stresses, this region significant (see Figs. 5, b, c), the 

largest value of the factor of safety in this case was 0.95. For the homogeneous sample, the 

maximum value of the factor of safety was reached in the same region where the maximum 

Mises stresses were located, the largest value of the safety factor in this case was 0.58 (see 

Figs. 6, b, c). That is, according to the inhomogeneous model, the sample will be close to 

fracture while, according to the homogeneous setting of the critical values, the stresses are not 

reached with sufficient margin. The difference in the factor of safety was 63%. 

 

Calculated case 3 

For the mutual case of the sample loading, the localization of the maximum Mises 

stresses for a inhomogeneous sample occurred in the middle of the bone cortical at a distance 

of approximately one-third the length of the specimen from the kinematic boundary 

conditions (see Figure 7, a). For a homogeneous sample, localization of the maximum Mises 

stresses occurred on the outer surface of the cortical and moved insignificantly in the 

longitudinal direction to the loaded end face (see Fig. 8, a). The numerical values of the 

maximum stresses in both cases differed not significantly: 57 and 53 MPa for the 

inhomogeneous and homogeneous sample, respectively. The margins of the factors of safety 

differed significantly. In the case of a inhomogeneous sample, the factor of safety exceeded 

unity on the external and internal surfaces of the bone, in the region of localization of the 

maximum Mises stresses, while this region is extended: almost half the sample and 

propagates along the circumferential direction (see Figs. 7, b, c), the largest value of the 

coefficient of the reserve in this case was 2.33. For a homogeneous sample, the maximum 

value of the factor of safety was reached in the same region where the maximum Mises 

stresses were localized - on the outer surface of the cortical, the largest value of the safety 

factor in this case was 1.28 (see Figs. 8, b, c). The difference in the safety factor was 82%. 

That is, under mutual loading, the sample will be destroyed at much lower strengths, 

according to the calculation of the inhomogeneous model, than calculations of the 

homogeneous model show. These examples illustrate the need to take into account the 

distribution of the mechanical properties of the bone organ when modelling the stress strain 

behavior . Patterns of distribution of the factor of safety are qualitatively changed, their 

quantitative values change significantly. The above method allows us to simulate the 

mechanical behavior of bone organs, taking into account the individualization of not only the 

geometry of the organ, but also its mechanical properties. 
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а 

 

 
 

b c 

Fig. 5. Results for the calculated case 2 of a inhomogeneous sample: a is distribution  

of Mises stresses, MPa;  b, c is distribution of the factor of safety 

 

 

 

а 

 

 
 

b c 

Fig. 6. Results for the calculated case 2 of a homogeneous sample: a is distribution  

of Mises stresses, MPa;  b, c is distribution of the factor of safety 
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b c 

Fig. 7. Results for the calculated case 3 of a inhomogeneous sample: a is distribution  

of Mises stresses, MPa;  b, c is distribution of the factor of safety 

 

 

 

а 

 

 

 

b c 

Fig. 8. Results for the calculated case 3 of a homogeneous sample: a is distribution  

of Mises stresses, MPa;  b, c is distribution of the factor of safety 
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CONCLUSIONS 

1. In the work, a technique for constructing a finite-element inhomogeneous model of an 

organ from bone tissue according to computed tomography is presented. 

2. Numerical results of model problems illustrate significant differences in the results of the 

stress-strain state of the organ and allow us to judge the local strength of bone tissue in 

terms of factor of safety. 

3. In modeling, the following assumptions were made: the inhomogeneous material is 

isotropic, there is a relationship between physical density and mechanical characteristics, 

which allows us to use of optical density to calculate the Young's modulus and ultimate 

stress. 

4. The application of the described technique allows us to use the factor of safety for analyze 

and making conclusion about the stress-strain state of the object under various external 

loads. 

5. The proposed model can be expanded by taking into account the orthotropic nature of the 

material. 
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